We investigated top quark effects on virtual photon structure functions by pQCD. We include the top quark mass effects on the virtual photon structure function with the quark parton model and with the operator product expansion up to the next-to-leading order in QCD. We also consider the threshold effect on the running coupling constant in the calculation to the effective photon structure function with a matching condition. The numerical calculations are investigated in the kinematical region expected at the future international linear collider.
Introduction
The Large Hadron Collider (LHC) has restarted since last year. One of the most important tasks of the LHC is to discover the Higgs particle which will be the origin of the mass of the particles and the other beyond standard model search is going on now [1] . If the new physics beyond the standard model is discovered, the precise measurement will be done at the future International Linear Collider (ILC) [2] . In such a case we need to know the background from the standard model, especially QCD at high energies.
It is known that the two-photon exchange process (e + + e − → γ * γ * → hadrons) is dominated over the one-photon exchange process (e + + e − → γ * → hadrons) in the electron-positron collision [3, 4] . The cross section in this two-photon process is characterised by photon structure functions and see Refs. [5, 6, 7, 8] for reviews. The photon structure functions have two types, namely real photon structure functions F γ 2,L (x, Q 2 ), g γ 1 (x, Q 2 ) and virtual photon structure functions F γ 2,L (x, Q 2 , P 2 ), g γ 1 (x, Q 2 , P 2 ), where Q 2 = −q 2 is a squared momentum of the probe photon, P 2 = −p 2 is a squared momentum of the target photon, x is Bjorken variable in the two-photon process respectively. While the real photon structure functions need to include non-perturbative effects like the vector meson dominance, the perturbative part in the virtual photon structure functions dominates at the kinematical region Λ 2 QCD ≪ P 2 ≪ Q 2 . Therefore we consider the virtual photon structure functions, especially unpolarised functions, in order to avoid the non-perturbative effect in this Letter.
Much work on the photon structure functions have been carried out for both the real photon target [9, 10, 11, 12, 13, 14, 15, 16, 17] and the virtual photon target [18, 19, 20, 21, 22, 23] . Although the heavy quark effects on the photon structure functions have been studied [24, 25, 26, 27] , their phenomenological applications were to charm quark or to bottom quark due to the kinematical constraints of experiments. We can expect easily that top quark effects on the photon structure functions will be important at the ILC. We know that top quark have (2e/3) charge in the proton unit of the electro-magnetic charge and the top quark is the heaviest quark in the standard model. The large electro-magnetic charge of up-type quarks compared to down-type quarks relatively will enhance the value of the photon structure function, but the large mass of the top quark will reduce that of photon structure functions. We have to study the size of the top quark effects on photon structure functions at the ILC.
In this Letter, we consider the top quark effects on the unpolarised virtual photon structure functions with the method based on the operator product expansion (OPE) improved by the renormalisation group equation (RGE), and with the method based on the quark parton model (QPM). The top quark effects by OPE and QPM at ILC are discussed in the next section and the numerical calculation based on the framework with OPE and QPM are discussed and the results are shown in the section 3. Final section is devoted to a conclusion.
Top quark effects on virtual photon structure functions
We can incorporate the top quark effects by the two methods, namely OPE supplemented by the RGE and QPM. We use the formalism in Ref. [28] for the calculation of photon structure functions by OPE and we use the results in Ref. [24] by QPM.
Operator Product Expansion
Let us define the n-th moment of photon structure functions by the equation
where n − 2 is due to the our convention of structure functions. In the formalism of Ref. [28] , it is assumed that we divide the n f quarks system into two parts, namely n f − 1 massless quarks system and one massive quark. We apply this formalism to the virtual photon structure functions at the ILC and we assume that u, d, s, c, b are massless quarks and t is the massive quark at the kinematical region expected at the ILC. The moment by OPE including heavy quark effects can be summarised as the following form,
where the first term means the contribution from massless quarks and is given as
where On the other hand, the heavy quark effects are incorporated in the moment of the effective structure function up to the NLO in QCD with OPE supplemented by the mass-independent RGE formalism and the moment is given by the form,
where the expression of the coefficients ∆A n i , ∆B n i and ∆C n are given in Ref. [28] and all finite coefficients are related with the variation of the operator matrix element for the top quark due to mass effects. The variation by the heavy quark effects to coefficients in M γ L is zero up to this order. The above variation of the moment due to the top quark mass consists of onemassive quark (t) as we mentioned previously. We reconstruct the structure functions from the moment by Mellin inversion numerically,
where c is a positive constant. Although we choose c = 1.5, generally speaking, the result is independent of choice of constant c.
Quark Parton Model
The effects of the heavy quark mass are incorporated by the heavy quark propagator in related QED box diagrams. The structure functions by QPM are given by the equations, The parameters β and L are given by
, where this maximum point in Bjorken x is derived by the condition
L by QPM are limited in the range 0 ≤ x ≤ x max and are insured to vanish at the points x = 0, x max , but the structure functions by OPE is not guaranteed to vanish at the points.
Numerical Calculations
The effective photon structure function is often measured in experiments. This effective structure function is proportional to the total cross section of the two-photon process and is given by the equation,
We used following masses for both QPM and OPE as inputs in this Letter,
where we consider all quarks are massive in QPM and the top quark is the massive particle in OPE.
Q 2 and P 2 dependence in a moment of the effective photon structure function
We calculate the P 2 dependence to the moment with n = 2, Q 2 = 3000 GeV 2 , Q 2 = 30000 GeV 2 by OPE ,
and it is shown in Fig.1 . The value of the moment decrease as 
P
2 (target virtuality) increase slowly. Because the target virtuality corresponds to the mass of the target photon, the phasespace suppression due to the target mass reduces the moment. The dominant contribution to P 2 dependence of the moment comes from the term r ≈ 1/ ln(P 2 /Λ 2 QCD ) in the eq.(3). The P 2 dependence in the heavy quark effects by OPE appears in the coefficients A, C to the moment in eq.(3) through the heavy quark operator matrix element and it behaves as ln(P 2 /m 2 ). We compare the results with and without heavy quark effects by OPE. We can see the tendency that the P 2 dependence with Q 2 = 30000 GeV 2 including the top quark effects is similar to the result with Q 2 = 3000 GeV 2 neglecting the top quark effects. Comparing the massive results with the massless results, the size of top quark mass effects on the P 2 dependence is about 40 % to 55 % for the case Q 2 = 3000 GeV 2 and about 30 % for the case Q 2 = 30000 GeV 2 .
On the other hand, the Q 2 dependence of M γ eff (n = 2, Q 2 , P 2 ) with P 2 = 1, 10 GeV 2 is shown in Fig.2 . The value of the mo- ment increase as Q 2 (resolution) increase, since the higher Q 2 corresponds to the better resolution in the two-photon process and it emerges many partons in the virtual photon. The dominant contribution to the Q 2 dependence comes from the term 4π/α s (Q 2 ) ≈ ln(Q 2 /Λ 2 QCD ) in the eq.(3). Comparing the massive results with the massless results, the size of top quark mass effect on the Q 2 dependence falls below 30 % in the region Q 2 > 1000 GeV 2 for the case P 2 = 1 GeV 2 and falls below 30 % in the region Q 2 > 3000GeV 2 for the case P 2 = 10 GeV 2 .
Threshold effects on the effective photon structure function
The threshold effect due to the top quark mass is included by a matching condition to the running-coupling constant (for example see Refs. [29, 30] 
Equivalently we convert the above equation into the relation between Λ n f =5 and Λ n f =6 up to the NLO in QCD, we find that Λ n f =6 = 0.080 GeV for Λ n f =5 = 0.20 GeV. We used this matching condition in the calculation by OPE. In addition to this condition, we change the number of active flavors in the moment at the threshold point x = x max . We evaluate the effective structure function including the top quark mass effects with n f = 6 theory in the region x < x max , and evaluate the structure function without the top quark effect with n f = 5 theory in the region x max ≤ x. Our numerical calculations to the effective photon structure function are shown in Fig.3 for Q 2 = 3000 GeV 2 , and in Fig.4 for Q 2 = 30000 GeV 2 . Although the result with massless n f = 6 quarks are not reduced by the phase-space suppression due to the heavy quark effects, results with massless n f = 5 quarks and one-massive quark (top) are reduced by the suppression in Fig.3 and in Fig.4 . We also plot the result by n f = 5 massless quarks by OPE as reference. We can see that the results by OPE and the results by QPM are similar and consistent each other. While the threshold effect at x max = 0.025, 0.21 cannot be seen in the results (the line labelled 'n f = 6,massive QPM' in Fig.3 and Fig.4 ), we find a jump corresponding to the top quark threshold at x max in the results ('n f = 6, massive,th,OPE' in Fig.3 and in Fig.4) . We can see that the result by OPE and that by QPM are similar results each other.
Comparing the massive result ('n f = 6, massive,th,OPE' in Fig.3 and Fig.4 ) with the massless result ('n f = 6, massless,OPE' in Fig.3 and Fig.4) , the size of top quark mass effects on the effective virtual photon structure function is about 70 % to 90 % in the region x < x max for the case Q 2 = 30000 GeV 2 and about 35 % to 85 % in the region x < x max for the case Q 2 = 3000 GeV 2 . But we can say that the top quark almost decouples for the case Q 2 = 3000 GeV 2 due to the smallness of the range x < x max .
Conclusion
We have investigated the top quark effects on the virtual photon structure functions by OPE and by QPM with the kinematical region expected at the future ILC. The top quark effects are incorporated in the matrix element of moments by OPE formalism and are included in the Feynman diagram by QPM. We evaluated P 2 and Q 2 dependence to a fixed moment of the effective virtual photon structure function. Our calculation shows that the P 2 dependence including top quark mass effects at P 2 = 1 GeV 2 , Q 2 = 30000 GeV 2 are similar to the results without top quark mass effects at P 2 = 1 GeV 2 , Q 2 = 3000 GeV 2 . The situation to Q 2 dependence is similar. We also evaluated the theoretical calculation to the effective virtual photon structure function. In this calculation we added the threshold effect in the NLO running-coupling constant with the matching condition. The top quark mass effects are rather large at the kinematical region expected at ILC. We also find the consistency between the calculations by OPE and that by QPM.
If the effective photon structure function or the total cross section in two-photon process by double-tagging electron and positron are measured at the ILC, we can compare the theoretical calculations with the experimental data. Then we will discuss the validity of QCD by e + + e − collider around TeV scale with photon structure functions and we might study the physics about top quark and related topics in two-photon process. Furthermore the study on the polarised photon structure functions at ILC will be interesting topic by using the planned polarisation option.
